Reflection amplitudes are defined as two-point functions of certain class of conformal field theories where primary fields are given by vertex operators with real couplings. Among these, we consider (Super-)Liouville theory and simply and non-simply laced Toda theories. In this paper we show how to compute the scaling functions of effective central charge for the models perturbed by some primary fields which maintains integrability. This new derivation of the scaling functions are compared with the results from conventional TBA approach and confirms our approach along with other non-perturbative results such as exact expressions of the on-shell masses in terms of the parameters in the action, exact free energies.
Introduction
There is a large class of 2D quantum field theories (QFTs) which can be considered as perturbed conformal field theories (CFTs) [1] . These theories are completely defined if one specifies its CFT data and the relevant operator which plays the role of perturbation. The CFT data contain explicit information about ultraviolet (UV) asymptotics of the field theory while its long distance property is the subject of analysis. If a perturbed CFT contains only massive particles, it is equivalent to the relativistic scattering theory and is completely defined by specifying the S-matrix. Contrary to CFT data the S-matrix data exibit some information about long distance properties of the theory in an explicit way, while the UV asymptotics have to be derived.
A link between these two kinds of data would provide a good view point for understanding the general structure of 2D QFTs. In general this problem does not look tractable. Whereas the CFT data can be specified in a relatively simple way, the general S-matrix is very complicated object even in 2D. However, there exists an important class of 2D QFTs (integrable theories) where scattering theory is factorized and S-matrix can be described in great details.
In this case one can apply the nonperturbative methods based on the S-matrix data. One of these methods is thermodynamic Bethe ansatz (TBA) [2, 3] . It gives the possibility to calculate the ground state energy E(R) (or effective central charge c eff (R)) for the system on the circle of size R. At small R the UV asymptotics of c eff (R) can be compared with that following from the CFT data.
Usually the UV asymptotics for the effective central charge can be derived from the conformal perturbation theory. In this case the corrections to c eff (0) = c CFT have a form of series in R γ where γ is defined by the dimension of perturbing operator. However, there is an important class of QFTs where the UV asymptotics of c eff (R) is mainly determined by the zero-mode dynamics (see for example [4, 5, 6, 7] ). In this case the UV corrections to c CFT have the form of series in inverse powers of log(1/R). This UV expansion is also encoded in CFT data [6] .
The simplest integrable QFT with the logarithmic expansion for the effective central charge is the sinh-Gordon (ShG) model, which is an integrable deformation of Liouville conformal field theory (LFT). It was shown in paper [6] that the crucial role in the description of the zero-mode dynamics in the ShG model is played by the "reflection amplitude" of the LFT, which determine the asymptotics of the ground state wave function in this theory. (The reflection amplitudes in CFT define the linear transformations between different exponential fields, corresponding to the same primary field of chiral algebra.)
In this paper, we want to show that these zero-modes dynamics are quite general features of 2D QFTs with exponential interactions. Imposing the integrability, we will consider the Bullough-Dodd model which is another integrable perturbation of the LFT, supersymmetric ShG models [7] , and affine Toda field theories (ATFTs) associated with both simply laced and non-simply laced Lie algebras [8, 9] . Each model shows quite unique properties in the S-matrix data; some has non-diagonal S-matrix, some has many particles with different masses, and so on. In this review of our recent works [7, 8, 9 , 10], we want to describe UV asymptotic behaviours of these 'Toda-type' models, i.e. a class of the integrable QFTs with exponential interactions, in unifying way in terms of the zero-mode dynamics. The perturbing term in the model restricts the zero-mode dynamics to a box of size l ∼ log(1/R) in the auxiliary space with dimension equal to the number of independent zero-modes. This leads to the quantization condition for the momentum P conjugated to the zero-modes and the solution P (R) determines all logarithmic terms in the UV asymptotics of the effective central charge c eff (R). Although it may seem quite model-dependent, it turns out that the basic dynamics in common is the reflection of a zero-mode off the interacting potential of the LFT. In all cases the results agree perfectly with TBA results based on the S-matrix data. The remarkable feature is that effective central charge calculated from the CFT data with subtracted bulk free energy term (like in TBA approach) gives a good agreement with the TBA results even outside the UV region (at R ∼ O(1)). This "empirical" fact still needs the explanation.
Finally the reflection amplitudes can be used [11, 12] to find the exact one-point functions of this class of integrable models. One needs only symmetric properties of the given Lagrangian and analytic properties of the one-point function. Explicit calculation is given for various models [6, 11, 12, 13, 14, 8, 9] .
In the section 2, we introduce the reflection amplitudes for the CFTs we are interested in. These amplitudes are interpreted as quantum mechanical reflections off the potential wall of the zero-modes dynamics in sect.3. In sect.4 we analyze the off-critical integrable models. Due to the integrable perturbations, the zero-modes are confined in the potential well and the conjugate momenta are quantized. Using this, we calculate the UV asymptotics for the effective central charges. In sect.5 we compare this asymptotics with numerical solutions of TBA equations. We derive the exact one-point functions and free energies in sect.6.
Normalization Factors and Reflection Amplitudes
In this section, we introduce the reflection amplitudes for the Toda-type CFTs with background charges.
Toda-type CFTs
We start with non-affine Toda theories (NATTs) whose actions are given by
where e i , i = 1, . . . , r are the simple roots of the Lie algebra G of rank r. For simply laced algebras, the µ i 's are all the same as µ. Non-simply laced ATFTs have standard simple roots with e 2 i = 2 and nonstandard simple roots with e 2 i ≡ ξ 2 ( = 2). We choose the corresponding parameters µ i as µ (for standard roots) and µ ′ (for nonstandard ones) respectively 1 .
1 We choose the convention that the length squared of the long roots are four for C
(1) r and two for the other untwisted algebras.
The simplest case is the A 1 NATT, or the LFT with an action
With appropriate background charges, these Toda-type QFTs are the CFTs. To describe the generator of conformal symmetry we introduce the complex coordinates z = x 1 + ix 2 and z = x 1 − ix 2 and vector:
where the sum in definition of Weyl vector ρ (ρ ∨ ) runs over all positive roots α (co-roots
The holomorphic stress-energy tensor
ensures the local conformal invariance of the NATT with the central charge c = r + 12Q 2 . For the simply laced algebras, these expressions are simplified due to Q = Qρ with Q = b + 1/b that the central charge is given by c = r (1 + h(h + 1)Q
2 ) (h is Coxeter number).
Another model we are interested in is the N = 1 supersymmetric LFT with an action
The super-LFT with the background charge Q = b + 1/b has the central charge c SL = 3/2(1 + 2Q 2 ).
Reflection Amplitudes
NATTs Besides the conformal invariance the NATT possesses extended symmetry generated by W (G)-algebra. The full chiral W (G)-algebra contains r holomorphic fields W j (z) (W 2 (z) = T (z)) with spins j which follows the exponents of Lie algebra G. The primary fields Φ w of W (G) algebra are classified by r eigenvalues w j , j = 1, . . . , r of the operator W j,0 (the zeroth Fourier component of the current W j (z)):
The exponential fields
are spinless conformal primary fields with dimensions ∆(a) = w 2 (a) = (Q 2 − a 2 )/2. The fields V a are also primary with respect to all chiral algebra W (G) with the eigenvalues w j depending on a. The functions w j (a), which define the representation of W (G)-algebra possess the symmetry with respect to the Weyl group W of Lie algebra G [15, 16] , i.e. w j (ŝa) = w j (a); for anyŝ ∈ W. It means that the fields Vŝ a for differentŝ ∈ W are reflection images of each other and are related by the linear transformation:
where Rŝ(a) is the "reflection amplitude". This function is an important object in CFT and plays a crucial role in the calculation of the one-point functions in perturbed CFT [18] . To calculate the function Rŝ(a) for simply laced NATTs, we introduce the fields Φ w :
where normalization factor N(a) is chosen in the way that field Φ w satisfies the conformal normalization condition
The normalized fields Φ w are invariant under reflection transformations and hence;
For the calculation of the normalization factor N(a), we can use the integral representation for the correlation functions of the W (G)-invariant CFT. (See [15] for details.) We note that operators Q i defined as
commute with all of the elements of W (G)-algebra and can be used as screening operators for the calculation of the correlation functions in the NATT. If parameters a satisfy the condition
with non-negative integer k i , we obtain form Eqs. (9) and (10) the following expression for the function N(a) in terms of Coulomb integrals [15] :
where the expectation value in Eq. (14) is taken over the Fock vacuum of massless fields ϕ with the correlation functions
The normalization integral can be calculated and the result has the form:
in terms of the scalar products
where the product runs over all positive roots of Lie algebra G. We accept Eq. (15) as the proper analytical continuation of the function N 2 (a) for all a. It gives us the following expression for the reflection amplitude Rŝ(a):
where
For non-simply laced NATTs, the expression is generalized to
here a α = a · α, a α ∨ = a · α ∨ and vectors ω 
In following we will be interested in the values of functions A a for imaginary a = iP. We denote as V (P, x) = V iP (x) and A(P) = A iP . Using these objects we can construct the combination which is invariant under the Weyl reflections:
From the above expression, we can find
From Eq. (22), we see that the functional form of S L is independent of the algebra under consideration. Considering the simplest case (A 1 Toda), we identify that S L is the reflection amplitude of LFT
super-LFT Due to the superconformal symmetry, the primary fields of the super-LFT can be devided into two sectors. The (NS) primary fields are given by
and the (R) fields by
where σ (ǫ) is the 'twist field' with dimension 1/16 so that the dimension of the (R) fields are
The reflection amplitudes of the super-LFT defined from the structure constants have been derived from the structure constants in [19, 20] . The reflection amplitudes for the (NS) fields are
and for the (R) fields
Reflections of Zero-Modes
In this section we introduce the wave functional interpretation of the primary fields of the LFT using the zero-mode following [6] and show how to generalize it to NATTs by considering the wave functionals Ψ[ϕ(x)] whose asymptotic behaviours are described by the wave functions of the zero-modes in higher dimensions.
LFT
Consider LFT on a cylinder of circumference 2π with the cartesian coordinates x 1 , x 2 where x 2 along the cylinder is defined as the imaginary time and x 1 ∼ x 1 + 2π is the space coordinate. The Hamiltonian acting in the space of states A of LFT
generates translations along the time x 2 . The conformal structure can be formulated in terms of the "zero-mode" of the Liouville field φ(x) defined by
As φ 0 → −∞ in the configuration space, one can neglect the exponential interaction term in the LFT action so that one can expand φ(x) as a free massless field
where the momentum conjugate to the zero-mode φ 0 and oscillators satisfy
The Virasoro generators can be written in terms of these modes. The space of states is now represented as
where L 2 is the two-dimensional phase space spanned by φ 0 and its conjugate momentum P and F is the Fock space of the oscillators. Any state s ∈ A can be represented by a wave functional Ψ s [φ(x 1 )] in the φ 0 → −∞ asymptotic limit. In particular, the wave functional for the primary state v P corresponds to
where S(P ) is the reflection coefficient of the asymptotic wave functional. One can check that the wave functional of asymptotic form Eq.(31) has correct conformal dimension by acting L 0 . The coefficient S(P ) should be the reflection amplitude S L (P ) introduced earlier since the wave functional Ψ v −P for the primary state v −P is S L (−P )Ψ v P along with
In this framework, one can check the validity of the reflection amplitude by taking semiclassical limit b → 0 and using duality. Since P is of the order of O(b), one can neglect the oscillators and keep only the zero-mode φ 0 so that the Hamiltonian is approximated as
The exact wave function of φ 0 for the Hamiltonian is well-known whose asymptotic form as φ 0 → −∞ is given by Eq.(31) with
It is straightforward to check this result is consistent with the non-perturbative reflection amplitude Eq. (23) perturbatively.
NATTs
The zero-modes of the fields ϕ(x) are defined as:
Here we consider the NATT on an infinite plane cylinder of circumference 2π with coordinate x 2 along the cylinder playing the role of imaginary time. In the asymptotic region where the potential terms in the NATT action become negligible (e i · ϕ 0 → −∞ for all i), the fields can be expanded in terms of free field operators a n
where P = −i∇ ϕ 0 is the conjugate momentum of ϕ 0 . In this region any state of the NATT can be decomposed into a direct product of two parts, namely, a wave function of the zero-modes and a state in Fock space generated by the operators a n . In particular, the wave functional corresponding to the primary state Eq. (21) can be expressed as a direct product of a wave function of the zero-modes ϕ 0 and Fock vacuum:
where the wave function Ψ P (ϕ 0 ) in this asymptotic region is a superposition of plane waves with momentaŝP. The reflection amplitudes of the NATT defined in the previous section can be interpreted as those for the wave function of the zero-modes in the presence of potential walls. This can be understood most clearly in the semiclassical limit b → 0 where one can neglect the operators a n in Eq.(36) even for significant values of the parameters µ i . The full quantum effect can be implemented simply by introducing the exact reflection amplitudes which take into account also non-zero-mode contributions [6] . The resulting Schrödinger equation is given by
with the ground state energy
Here the momentum P is any continuous real vector. The effective central charge can be obtained from Eq.(39) where P 2 takes the minimal possible value for the perturbed theory. Since only asymptotic form of the wave function matters, we derive the reflection amplitudes of the ATFTs in the way that we need only the LFT result.
In the µ i → 0 limit which will be of our interest, the potential vanishes almost everywhere except for the values of ϕ 0 where some of exponential terms in the potential become large enough to overcome the small value of µ i . In this case, each exponential term e be i ·ϕ 0 in the interaction represent a wall with e i being its normal vector. If we consider the behaviour of a wave function near a wall normal to e i where the effect of other interaction terms becomes negligible, the problem becomes equivalent to the LFT in the e i direction. The potential becomes flat in the (r − 1)-dimensional orthogonal directions. The asymptotic form of the energy eigenfunction is then given by the product of that of Liouville wave function and (r − 1)-dimensional plane wave,
whereŝ i denotes the Weyl reflection by the simple root e i and P i the component of P along e i direction. S L (e i , P) is defined in Eq. (22) . Since the wave function interpretation makes sense only in the semiclassical limit, it is the b → 0 limit of Eq.(23) which can be obtained from the solution of the Schrödinger equation for the LFT.
We can see from Eq.(40) that the momentum of the reflected wave by the i-th wall is given by the Weyl reflectionŝ i acting on the incoming momentum. If we consider the reflections from all the potential walls, the wave function in the asymptotic region is a superposition of the plane waves reflected by potential walls in different ways. The momenta of these waves form the orbit of the Weyl group W of the Lie algebra G;
This is indeed the wave function representation of the primary field (21) in the asymptotic region. It follows from Eq.(40) that the amplitudes A(P) satisfy the relations
which is the same as Eq. (23). Equation (42) is solved by
and we recover the result (19) calculated in the previous section.
super-LFT
The super-LFT is a super-CFT which satisfies the usual super-Virasoro algebra. The space of states for the super-LFT can be expressed by
where the fermionic zero-mode appears only for the (R) sector and F is the Fock space of bosonic and fermionic oscillators. The appearance of bosonic and fermionic zero-modes in Eq. (44) is well-known from the super-CFT results. In the (NS) sector, there is no fermionic zero-mode since the fermion field satisfies the anti-periodic boundary condition while it appears in the (R) sector with perodic one. The zero-modes appear in the superVirasora generator L 0 and S 0 of the (R) sector in such a way that L 0 contains the square of the conjugate momentum and S 0 acts non-trivially only on the twist field. The primary state v P can be also expressed by a wave functional Ψ v P [φ(x 1 )] whose asymptotic form is given similarly as Eq.(40). The amplitude S(P ) is either S N S (P ) or S R (P ) depending on the sector so that the wave functional Ψ v −P is given by S(−P )Ψ v P . One can also check the validity of this expression by taking the classical limit of b → 0. Since P is small of order of O(b), one can neglect the oscillator part in Eq.(44) and study only the dynamics of zero-modes. In the (NS) sector, only bosonic zero-mode appears so that the Hamiltonian becomes
which is essentially the same as that of the LFT, hence the reflection amplitude becomes
On the other hand, in the (R) sector, additional fermionic zero-mode is introduced in the hamiltonian by [21] 
Since the fermionic zero-mode satisfies
we can represent it by
and the Hamiltonian becomes
The solution of H + can be obtained as
where K ν (x) is the modified Bessel function. By taking the asymptotic limit φ 0 → −∞, one can find the non-vanishing component is given by
.
These are consistent with the exact result Eq.(25) in the b → 0 limit.
Quantization Conditions and Scaling Functions
In this section we derive the scaling functions for the various Toda-type models on a cylinder with circumference R. In the deep UV region R → 0, the wave functional interpretation introduced in the previous section is used to obtain the quantization condition for the zero-mode momenta and the vacuum energies.
ShG model
We start by reviewing the analysis of [6] for the ShG model or A 1 affine Toda field theory defined first on a circle of circumference R with periodic boundary condition. By rescaling the size to 2π, one can write the action as
where µ ∼ [mass] 2+2b 2 is the dimensional coupling constant with b the coupling constant. We are interested in the ground state energy E(R) or, more conveniently, the finite-size effective central charge
in the ultraviolet limit R → 0. Since we are interested in the ground-state energy, only the zero-mode contribution counts. So the corresponding effective central charge at R → 0 is determined mainly by P c eff (
up to power corrections in R.
For the ground state energy, one can consider only the zero-mode dynamics where the wave functional of φ 0 is confined in the potential barrier due to the ShG interaction term. The ShG potential introduces a quantization condition for the momentum P which depends on the finite size R. As R → 0, in particular, the wave functional is confined in the potential well where the potential vanishes in the most of the region and becomes nontrivial at 2bφ 0 ∼ ± ln µ(R/2π) 2+2b 2 near the left and right edges. Near these edges of the potential well, the potential becomes that of the LFT and the wave functional will be reflected with the reflection amplitude of the LFT introduced earlier. Therefore, the quantization condition is given by (R/2π)
In terms of the reflection phase δ L (P ) defined by
the ground state momentum is qunatized as
Thus determined quantized momentum will give the scaling function c eff (R) in the UV region by Eq.(47). To see this explicitly, one can expand the reflection phase in the odd powers of P ,
where the coefficients can be obtained from the reflection amplitude Eq. (23) as follows:
with Euler constant γ E . Now solving Eq.(51) iteratively, we get
The Gamma functions appear in δ 1 due to the relation between the mass of the physical particle and the coupling constant µ in the action [17] 
ATFTs
The action of the ATFT is given by
µ i e be i ·ϕ + µ 0 e be 0 ·ϕ .
The additional potential term in the ATFT Lagrangian corresponding to the zeroth root e 0 introduces new potential wall in that direction (see Fig.1 as a simplest example, the A 2 ATFT). With this addition, the region of ϕ 0 made of the non-affine Toda potential walls (Weyl chamber) is now closed and the momentum of the wave function should be quantized depending on the size of the enclosed region. This quantized momentum defines the scaling function c eff in the UV region by Eq.(39). The quantization condition can be derived as follows. For simplicity let us first consider simply laced cases. Also, we assume for the moment that the circumference of the cylinder is 2π. Consider the path C of a wave which starts with momentum P and comes back (after a series of reflections by other walls) to the zeroth potential wall with momentum P ′ . It will then be reflected by the zeroth wall. Fig.1(b) illustrates a multiple reflection in the two-dimensional potential. To satisfy the self-consistency condition, the momentum P ′ after the last reflection by the zeroth wall should be equal to the incoming momentum P so thatŝ 0 P ′ = P. Furthermore, since the zeroth wall is again Liouville-type, the momenta P ′ =ŝ 0 P of the incident wave and P of the reflected wave should satisfy Eq.(42) which leads to A(ŝ 0 P)
On the other hand, sinceŝ 0 is given by a product of the Weyl reflections corresponding to simple roots, each representing the reflection experienced by the wave along the path C, the left hand side of Eq.(57) can be obtained from Eq.(43). Therefore, Eq.(57) gives a nontrivial quantization condition for the momentum P. This condition can be generalized using the same arguments for other potential walls instead of the zeroth one. Then we obtain A(ŝ 0ŝ P)
whereŝ is an arbitrary Weyl group element. Using Eq. (18) we can write (58)
where v =ŝ 0 ρ − ρ + e 0 = −(e 0 · ρ)e 0 + e 0 = he 0 and we define a function
The Γ-function factors in Eq.(59) can be further simplified. First, consider the action of s 0 on a positive root α:ŝ 0 α = α − e 0 (e 0 · α), which is either α or α + e 0 if α = −e 0 since −e 0 is the maximal root. In the first case, the factor G(ŝP ·ŝ 0 α) in Eq. (59) is cancelled out by the same factor in the denominator, while, in the second case, there is no cancellation since α + e 0 is a negative root. Finally,ŝ 0 e 0 = −e 0 and the corresponding factor G(ŝP · e 0 ) appears twice in Eq.(58). Using the property e 0 · α = 0 or 1 for α > 0 (α = −e 0 ) and e 0 · e 0 = 2, we can simplify Eq.(59) as
For the non-simply laced ATFTs, we obtain the condition for P by inserting Eqs.(43) and (22) into Eq.(58). After some transformations as above, it can be written in the form:
where we define
Now we consider the system defined on a cylinder with the circumference R. When we scale back the size from R to 2π, the parameters µ i in the action (56) rescales as
Then, Eq.(61) for the lowest energy state reduces to
and
This is the quantization condition for the momentum P in the UV region R → 0. The ground state energy with the circumference R is given by
where P satisfies Eq.(63).
In the UV region we can solve Eq.(63) perturbatively by expanding δ(α, P) in powers of
where the coefficients δ 1 (α, b) and δ s (α, b), s = 3, 5 are:
Using the relations:
, we obtain that:
The above equation can be solved iteratively in powers of 1/l. Inserting the solution into Eq.(66), we find:
where the coefficients C(G) are defined as:
For simply laced algebras, these coefficients have the values:
For the non-simply laced algebras B
(1) n and C
n , we can express the results through these values. Namely, we find:
For exceptional algebras G
2 and F
4 , we obtain:
2 ) = 
2 ) = 1 3
We note that above equations relating coefficients C i (G) for different Lie algebras follow from the similar exact relations between the ground state energies e(G) of quantum affine Toda chains associated with these Lie algebras. These exact relations are valid if the parameters µ, µ ′ for non-simply laced Lie algebras and corresponding parameter µ sl for simply laced ones satisfy the condition:
the BD model
The BD model is an integrable field theory associated with A
2 affine Toda theory and can be regarded as an integrable perturbation of the LFT [18] . The action is given on a circle of circumference 2π with periodic boundary condition;
This model possesses asymmetrical exponential potential terms compared with the ShG model. In the UV limit, the exponential potential becomes negligibly small except in the region where φ 0 goes to ±∞. This means that the BD model is again effectively described by the LFT. It is the quantization condition that makes the difference from the ShG model, due to the asymmetry of the potential well in the left and right edges. The conjugate momentum P is now quantized by the condition
where S ′ L (P ) is obtained by substituting b → b/2 for S L (P ) given in Eq. (23) and
Using the phase shifts defined as
the quantization condition becomes
The relation between P and R in Eq. (74) gives the scaling function c eff as a continuous function of R, Eq.(70), with Q replaced byQ and δ's withδ's defined by power series expansion of the phase shift in P δ(P ) =δ 1 P +δ 3 P 3 +δ 5 P 5 + . . .
Then, the central charge is given by
where 
the SShG model
Now we consider an integrable model obtained as a perturbation of the super-LFT, the SShG model. By rescaling the size to 2π, one can express the action of the SShG model by
In the UV limit, the exponential potential becomes negligible except in the region where φ 0 goes to ±∞. This means that the SShG model is effectively described by the super-LFT as R → 0. From the ground state energy for the primary state labelled by P , the effective central charge can be obtained by
For the (NS) sector, P corresponding to the ground state is determined again by the quantization condition coming from the super-LFT reflection amplitudes:
where δ NS (P ) is the phase factor of (NS) reflection amplitudes. This quantization condition can be solved iteratively by expanding δ NS (P ) in powers of P ,
The (R) sector shows very different behaviour from the (NS). The physical meaning becomes clear if one considers the P → 0 limit where S R (P ) → 1 comparing with S N S (P ) → −1. While for the (NS) sector Ψ P ∼ 2iP φ 0 so that the quantum number n should be 1 as in Eq.(80), the wave functional for the (R) sector becomes constant corresponding to n = 0. Therefore, the quantization condition becomes
Obvious solution is P = 0 so that
In the b → 0 limit, one can verify this from the (R) sector zero-mode dynamics of the SShG model which is governed by the Hamiltonain
This is a typical supersymmetric quantum mechanics problem and in general there exists a zero-energy ground-state [22] if the supersymmetry is not broken. Explicitly, the wavefunction of the state is found to be
This state is normalizable and its energy is exactly zero. Thus at least in b → 0 limit, c eff is exactly zero regardless of r without any power correction.
Comparison with the TBA results
A standard approach to study the scaling behaviour of integrable QFTs is to solve the TBA equations. In this section we compute the scaling functions in the UV region from the TBA equations and compare them with the results in the previous section based on the reflection amplitudes.
TBAs of ATFTs and BD model
The TBA equations for the ATFTs are given by (i = 1, · · · , r)
where m i 's are particles masses and functions ǫ i (θ, R) (i = 1, · · · , r) satisfy the system of r coupled integral equations:
with the kernels ϕ ij , equal to the logarithmic derivatives of the S-matrices S ij (θ) of ATFTs [23, 24, 25, 26] ,
Equation (87) becomes the TBA equation of BD model when r = 1 and the kernel is given by
The function E (T BA) (R) defined from the TBA equations differs from the ground state energy E(R) of the system on the circle of size R by the bulk term: E (T BA) (R) = E(R) − f R, where f is a specific bulk free energy [3] . To compare the same functions we should subtract this term from the function E(R) defined by Eq. (70) i.e.
The specific bulk free energy f (G) can be calculated by Bethe Ansatz method. For ATFTs [27, 28, 9, 10] ,
4 ,
For the BD model [18] ,
The contribution of bulk term f (G) becomes quite essential at R ∼ O(1).
The TBA equations (87) are solved numerically for various algebras. The effective central charge c To compare the numerical TBA results with analytical ones from reflection amplitudes, we need to know the exact relations between parameters µ i of the action and masses of particles m i . This is because TBA equations are derived from S-matrix data while the method of reflection amplitudes deals with the paramters of the action directly. These "mass-µ" relations [17, 28, 9] are given in the Appendix. With the help of them, we can express c eff (R) obtained in the previous section purely in terms of particles masses m i . For example, the function L(R) of ATFTs defined in Eq.(64) becomes
Similarly we can rewrite µ and µ ′ in (75) in terms of the particle mass m as,
Comparing the results, we found that, up to the order 1/l 7 , the numerical TBA results are in excellent agreement with the analytic results given in previous sections. (For the details of the comparison, see [8] and [9] .) To see the agreement more concretely, we plot the functions c (66), based on the reflection amplitudes, with taking into account the bulk free energy term according to Eq.(89). Figure 2 shows that, for all models, the two curves are almost identical without essential difference in the graphs even at R ∼ O(1). This good agreement outside the UV region looks not to be accidental. However, at present, we have no satisfactory explanation of this interesting phenomena in ATFTs.
TBA of SShG model
Finally we briefly describe the TBA analysis of SShG model (see [7] for details). There are two sectors in SShG model and the corresponding TBA equations are different from each other. They can be written as [7] .
where the pseudo-energies are the solution of the equations,
In the above equations, the plus (minus) sign corresponds to the NS (R) sector and the kernel is given by
1+b 2 , where Φ B (θ) is defined in Eq.(88). In the case of NS sector, we can perform the numerical analysis following the method described before and again we have an excellent agreement between the results of TBA and reflection amplitudes. On the other hand, we find that the R sector TBA equation is trivial, giving vanishing c eff (R). This is consistent with the existence of the supersymmetric zero mode as explained in Sec. 4.3. 
Vacuum expectation value of exponential operator
The reflection amplitude, being the quantity derived from CFT, plays a crucial role in the calculation of one-point functions in perturbed CFT. In this section, we will demonstrate how powerful this method is by constructing explicitly the one-point funtion of ATFTs. One point function G(a) we are considering is defined as the vacuum expectaion value of the vertex operator V a (x) = exp(a · ϕ(x)) of the ATFTs (56) :
We start with the one point function of the simplest case, sinh-Gordon model, A
ATFT [11, 12] and generalize this approach to ATFTs [13, 8, 9] . This same approach was also applied to two-parameter family of integrable models [14] .
One point function in sinh-Gordon model
The sinh-Gordon model has the one component field, which can be considered as the perturbed CFT whose CFT is Liouville field theory. The operator V a (x) = exp( √ 2aφ(x)) satisfies the "reflection relation"
We put a → √ 2a in the vertex operator for convenience. R(a) is given in terms of Liouville reflection amplitude, S L ( √ 2P ) in Eq. (23). The vacuum expectation value G(a) of the sinh-Gordon model is considered to satisfy the same reflection relation,
In addition, since the sinh-Gordon model is invariant under the parity transformation φ → −φr, the one-point function is even function of a.
This symmetric consideration determines G(a) up to a periodic function. The one point function of the sinh-Gordon model is give as the minimal solution of Eqs. (99, 100) .
with
The result is checked by various consideration including the classical equation, free energy of the theory and perturbative calculation [11] .
One point function in simply-laced ATFTs
Simply laced ATFTs can be considered as the obvious generalization of the sinh-Gordon model. The complexity comes from the fact that more than two operators are of the same conformal dimension and satisfy the reflection relation [13, 8] . The Weyl reflection of Lie algebra space takes over the simple parity reflection in sinh-Gordon model. We summarize here the general rule for the one-point function to satisfy the requirements:
• [R1] Analytic property: G(a) is meromorphic in a.
• [R2] Normalization: G(a = 0) = 1.
•
• [R4] Symmetry of the system: G(τ a) = G(a). τ is the symmetry operation of the action.
The minimal solution satisfying these requirements is given in [13, 8] 
One may simply prove that [R1] and [R2] are satisfied. Requirement [R3] is checked by confirming the result for the Weyl reflectionŝ i with respect to any simple root e i :
where P i = P · e i . Here are two ingredients to be checked, a 2 and I(a, t), which under the reflection, result in
Combining this two reflection property, G(a) satisfies the Eq. (106).
The symmetry operation τ in the the requirement [R4] is the Dinkyn diagram symmetry of ADE series. Obviously a 2 is invariant under τ . One needs to prove that I(a, t) is invariant. Let us rearrange I(a, t) in Eq. (104) as
The problem reduces to prove J(a, t) invariant under τ . Under τ , if a positive root goes to another positive root, this only reshuffles the terms in J(a, t). However, there are cases where a postive root goes to a negative root, −β = τ α. Then apart from the reshuffling, J(a, t) contains the term,
This is the case when τ changes a simple root α τ to zeroth root e 0 : τ α τ = e 0 . Noting that in ADE series, any postive root can contain at most one such a root α τ , and the root satisfies an identity,
From this one can find a unique positive root α satisfying
and therefore, J(a, t) is invariant under τ .
One point function in nonsimply-laced ATFTs
One-point function in non-simply laced ATFTs is given as [9, 10] G(a) = K(a) × exp dt t a 2 e −2t − F (a, t) 
is rewritten as
Under the Weyl reflection, one has
Now the Weyl reflection changes positive roots to another positive root with the same length except the simple root α i ,ŝ i α i = −α i , we have the ration of K(a)'s as
2 )
which proves the requirement [R3]. Finally, if the Dynkin diagram symmetry operation τ changes a positive root to another positive root, this will reshuffle the multiplication factors in G(α). On the other hand, When τ α becomes a negative root −β = τ α, one may apply the similar argument of the simply laced case and find G(α) is invariant. Here one needs the identities, (α+β)·ρ ∨ = h and (α + β) · ρ = h ∨ . Of course, the symmetry operation requirements [R1]-[R4] do not guarantee that G(α) is the correct one-point function. The solution we have is the minimal solution which is meromorphic function of α. In fact, one can show that this one-point function G(α) does give the correct bulk free energy in Eq. (90) [9] . Furthermore, one may check that the result is consistent with the perturbative calculation. [10] The spectrum of simply laced ATFTs consists of r particles with the masses m i (i = 1, . . . , r) given by m i = mν i
and ν 2 i are the eigenvalues of the mass matrix:
The parameter m characterizing the spectrum of physical particles can be related with the parameter µ in the action using Bethe ansatz method [17, 28] and the result is
In the case of non-simply laced ATFTs, the exact mass ratios are different from the classical ones and get quantum corrections [25, 26] . Using the notation (91), the spectrum of ATFTs are expressed in terms of one mass parameter m as: 
Again, m can be written as a function of the parameter µ i as [9] , .
where k(G) is a function depending on the algebra: .
